Second order intensity correlations of speckle illumination are extensively used in imaging applications that require going beyond the Rayleigh limit. The theoretical analysis shows that significantly improved imaging can be extracted from the study of increasingly higher order intensity cumulants. We provide experimental evidence by demonstrating resolution beyond what is achievable by second order correlations. We present results up to 20 th order. We also show an increased visibility of cumulant correlations compared to moment correlations. Our findings clearly suggest the benefits of using higher order intensity cumulants in other disciplines like astronomy and biology. sub-Rayleigh imaging, high order correlation, speckle illumination, cumulant, moment
I. INTRODUCTION
Speckles in optics are well known and have various applications. Typically, speckles are produced in the scattering of a coherent beam of light by a random medium [1] [2] [3] [4] [5] [6] . The propagation difference of partially coherent beams and coherent lasers through a random medium has been successfully explained by Dogariu et. al [7] [8] [9] . The medium scatters a coherent beam in various directions with randomly varying phases. The scattering medium under fairly general conditions produces fields that can be modeled as Gaussian fields. The characteristics of the medium can be extracted from the spatial and temporal coherence of the medium. The spatial coherence information is in turn obtained from the intensity-intensity correlations [10] [11] [12] . Such studies provide a wealth of information on the medium [13] . Speckled illumination is produced using a rotating ground glass [14] and has been shown to beat the diffraction limit [15] [16] [17] [18] [19] . Second order intensity correlations beat the diffraction limit by a factor of √ 2. Most studies on beating the diffraction limit use second order intensity correlations. Also the superresolution optical fluctuation imaging (SOFI) technique based on cumulant correlations, is limited to samples with particular intrinsic blinking characteristics [20] . Differently, in this work, super-resolution does not rely on the object's blinking characteristics, but instead intensity fluctuations from the speckled light source are used with high order correlations, which results in super-resolution imaging beyond the Rayleigh limit. Several other theoretical works have investigated the uses of higher order correlations [21] [22] [23] .
In this letter we experimentally demonstrate higher order correlations for imaging applications by using speckle illumination, and analyze the reliability of high order correlations, which consolidates the potential for applications. We first present a theoretical analysis based on the cumulants of the measured intensity distributions and show that such cumulants can beat the diffraction limit by a factor of √ n. We then present experimental confirmation. Our results with speckle light underline two advancements: 1) the improvement in resolution generated by moment correlation orders N > 2, and 2) the superior resolution offered by cumulants as compared to moments. In addition, our experiment determines that speckle illumination is also valid for non-fluorescent samples, which is very important for label free bio-imaging.
II. THEORETICAL BASIS
As illustrated in figure.1, the experimental setup uses a continuous wave laser of 785nm in wavelength (Omicron LuxX-785) incident on a rotating ground glass to generate a speckle pattern. This source is used to illuminate a micro-fabricated mask object (Toppan Digidat), notably four holes milled in a chromium layer deposited on glass, for which their diameter l 0 equals their separation of l = 25µm. An aperture limited by an adjustable iris and an f = 150mm imaging lens (L), produce an image with a magnification factor M = d /d = 1 with d = d = 300mm, where d and d are the mask object distance and image distance from the lens, respectively. Here the image is mapped on a 1280x1024 pixels CMOS camera (Thorlabs DCC3240N), whose pixel area is 5.3 um x 5.3 um.
In our setup, the electric field generated from the ground glass propagates to a transmission mask with the Ground Glass (GG), for which the image of the four dots is blurred since the Rayleigh limit is twice the distance of the dot separation.
surpass the Rayleigh limit, is described by [19, 24] δI
with intensity fluctuation δI −
and a coherence length l c ∝ λd /D s . Here,
. The electric field generated from the ground glass propagates to the mask, the transmission part of electric field at the − → ρ plane is given by
Thus, when the masks hole separation is approximately equal to or larger than the coherent length (l c ), the holes contribute independently and randomly,
(1). The holes are imaged onto the camera, whose intensity I ( − → ρ ) at − → ρ position is formulated by
where
(PSF) of the imaging system and I i = I − → ρ i , and the summation is over all points in the holes. The width of the PSF gives the Rayleigh limit of an imaging system, which blurs out any point-like object to an Airy disk. Instead of using intensity imaging, we use cumulants to demonstrate super-resolution. The quantity I ( − → ρ ) is a statistically fluctuating quantity. We evaluate cumulant generating function K (β) of
where I i is the statistical independence of the variables. We can rewrite Eqn. (3) in terms of the cumulants κ n of
Note that there are no cross terms in Eqn.(4). In contrast, the n th order moment is given by
m n is composed of contributions from terms which are products of the PSF like h i h j with (i = j). For example, the 4 th order moment is
'Noisy' terms like the last term in Eqn. (6) do not appear in κ 4 , therefore, imaging based on higher order cumulants κ n are much more effective than images based on m n .
In comparison with the intensity imaging given by (4) suggests that the n th order cumulant can yield imaging resolution improvement by a factor ∼ √ n, due to its narrowed effective PSF h ef f = h n . By extension, with respect to a G (2) image [16, 17] , an improvement by a factor of ∼ n/2 can be achieved. To simplify the calculation, the cumulant formulas are expressed by the central moment form , see B.
where µ n = (I − I ) n is the central moment. We next present experimental results based on κ n and m n .
III. EXPERIMENTAL RESULTS
In our work, as opposed to previous works in speckle imaging [16, 17] , we render the image completely indistinguishable by minimizing the aperture of the pinhole. The reason for excessively blurring the image is to demonstrate the power of this method that uses correlation orders of a factor 10 higher than what has been demonstrated so far experimentally with speckle light. Indeed though, our technique has an important requirement, each hole must be independently fluctuating in intensity. In our experiment, this condition is satisfied by engineering the speckles of the light source in relation to the object's structures. Thus, the coherence length of the source (i.e., the distance between speckles) needs to match the distance between the micro-structured holes on the object.
In this section, our discussion starts with the generation of the speckle light source, which is a key point for understanding this experiment. Independent intensity fluctuations manifest themselves and are characterized by
where δI is the intensity fluctuation at the target object plan. Thus, the measurement of the camera without the target object was produced, as shown in figure.2 (a) . These images were then used to calculate the coherence length, plotted in figure.2 (b) . In fact, based on the relation l c ∝ λd /D s , speckle pattern of different coherence lengths can be obtained, namely by changing the beam size D S . In our experiment, the coherence length is 24µm, which approximately equals to the separation 25µm. By obtaining the intensity fluctuation at each pixel and post-processing them, as illustrated in figure. 1 (b),(c), moment-generated images were produced in demonstrating that this technique provides resolution beyond the Rayleigh limit. This is shown, first and foremost, by completely blurring the image, which is done here by adjusting the aperture of the iris to a diameter of 5.75mm. This size provides a Rayleigh limit of δx = 0.61λM/N A = 50µm, which is two times the masks hole separation of l = 25µm. Thusly, it comes as no surprise that the laser illumination intensity image without Ground Glass (GG), portrayed in figure. 1 (e), yields only two peaks, and the average intensity of the speckle illumination image yields a completely blurred image as shown in figure. 3 (a). In contrast, the 12 th order central moment µ 12 and the 20 th order central moment µ 20 in figure. 3 (b) and (c) respectively, result in a well-defined mask object. In fact, the Rayleigh limit is so large that only higher orders provide a definable image. Indeed, the difference in contrast is ascertained in figure.3 (d) . In this figure, the normalized photon counts are plotted in the horizontal direction, for two rows of pixels. As expected, a higher order moment provides a higher visibility image, and the four dots feature is recovered where intensity imaging yields a completely blurred image with no contrast.
An imaging technique is unreliable if the results are not reproducible with high confidence. Indeed, the practicality of an imaging technique is qualified by the performance and reliability, which in mathematical language translates to high visibility (I max − I min )/(I max + I min ) and low standard deviation, respectively. Without loss of generality, we fix I max to be the second peak and the I min to be the second valley. For our setup, due to the randomness of the speckle illumination, it is clear that a large number of frames are required to compute a welldefined mask image.
From figure. 3 (e), we observe that visibility and standard deviation behave differently as a function of frame number. In fact, as the number of frames increases, average values for visibilities increase and standard deviations decrease. The data was recorded for 5000, 10 000, 20 000, and 50 000 frames for moments from the 2 nd to the 20 th orders. We conducted the experiment 10 times with 5000 frames, i.e. N=5000. Then, the visibilities were calculated by retrieving the average intensity for the same two central rows. We observed that the lowest degree of practicality is generated from 5000 frames, for which its 20 th orders visibility and standard deviation read 0.69 ± 0.17. Indeed, this low frame number yields the lowest visibility values and, as compared to the other frame numbers, much larger error bars. Thus, using 5000 frames fails to qualify as a practical imaging technique. In contrast, using 50 000 frames yields highly improved characteristics both for visibility and standard deviation. As compared to the values obtained with 5000 frames at the 20 th order, 50 000 frames produce a visibility improvement of 22% with a 4-fold decrease in the standard deviation, which reads (0.84 ± 0.04).
Moreover, 10 000 and 20 000 frames have acceptable values that certainly converge to the 50 000 frame values, thus we anticipate that increasing the frame number will probably not improve the visibility and only slightly improve the standard deviation.
As previously mentioned, central moments beyond the 3 rd order suffer cross-terms that worsen the resolution. Those cross-terms can effectively be eliminated by using nonlinear combinations of lower order moments. In this manner, cumulants display a significant improvement in surpassing the Rayleigh limit as compared to central moments. This can be observed in the image in figure.4 (b) , (c), whereby the moment and cumulant post-processing of the 6 th order is compared. The difference in contrast is highlighted in figure.4 (d) , as can be observed by tak- nd order central moment µ2 image. Since the ratio of the Raleigh limit to dots separation is 50/25 = 2, which is larger than the resolution improvement √ 2 that µ2 yields, the image is blurred. (b, c) for 6
th order moment and cumulant image, respectively. (d) The contrast comparison of different order images by taking two rows of pixels that are centered with the holes, and (e) the visibility and standard deviation of moment versus cumulant with 50 000 frames.
ing two rows of pixels that are centered with the holes. Indeed though, the 6 th order central moment µ 6 shows much improvements but not as compared to the 6 th cumulant κ 6 , which reads more than a two-fold improvement with respect to the moment of same order. The cumulant is computed based the nonlinear combination of moments, so the error bars increase minimally.
In addition, central moments and cumulants are compared by plotting their respective visibilities for 50,000 frames as a function of orders. µ n and κ n are plotted from the 2 nd to 6 th orders with their error bars. As illustrated in figure. 4 (e), the average of the second and third orders are the same for central moments and cumulants, which can be explained mathematically since µ n = κ n for n = 2, 3. The 4 th order central moment and cumulant result in very similar visibilities, since the cross-terms only contribute minimally to noise. In fact, a large difference in visibility is only observable at the 6 th order cumulant, where κ 6 yields approximately the same visibility as the 9 th order central moment with an average visibility of ∼ 0.3, as can be seen in figure.3 (d) .
IV. CONCLUSION
By using speckle illumination with high order correlations, we demonstrate an imaging scheme that goes beyond the sub-Rayleigh limit. We show that the object's true features can be recovered where a traditional diffraction-limited imaging method yields a completely blurred image. This is done by correlating photon counts at each pixel with two post-processing functions: mo-ments and cumulants. The highest order moment (n = 20) gives the highest contrast/visibility of 0.84 ± 0.04. In addition, and more importantly, we explore using cumulants, which, as demonstrated, show much more improvement as compared to moments starting at the 5 th order. An interesting extension of this method would be in the imaging of gray objects. Our results clearly show the capability of higher order intensity cumulants in super-resolution applications where speckles are used. This method widens the possibilities for high order correlation imaging specifically for uses in bio-imaging and astronomy. In biomedical optics, one of standard imaging methods is laser speckle contrast imaging (LSCI), which is based on the 2 nd order correlation [25] [26] [27] [28] [29] . With the support of the results presented in our work, this high order correlation method could provide a competitive edge with LSCI. Moreover, speckle imaging has achieved high resolution to identify twin stars with far less cost in time and means, which motivates speckle imaging applications in astronomy [30] .
Appendix A: Correlation calculation
Based on the experiment setup figure1(a), after the scattering, the random electric field at the − → ρ , ground glass plane, is described by:
where ... denotes time averaging. The electric field generated from ground glass propagates to the mask, the transmission part of electric field at the − → ρ plane is
21] is the Fresnel propagator, and t( − → ρ ) is the transmission coefficient of the mask object.
So, the first order correlation function of transmitted field immediately after mask is given by
where somb(x) = 2J 1 (x)/x, D s is the diameter of laser beam. Here e is only a phase factor and can be neglected. In respect, the intensity fluctuation correlation can be simplified as To simplify the calculation, the cumulant formulas are expressed by the moment form. The n th order moment image is defined by
where M (n) (β) = e βδI( − → ρ ) = e β i hiδIi is the moment-generating function. The definition of cumulant is given by
where K (n) (β) = ln e βδI( − → ρ ) = ln e β i hiδIi is the cumulant-generating function.
The moment-generating function can be written as M (β) = exp(K(β)). Taking n th order derivative in respect to β, it reads
Let β = 0, Eq.(B3) gives
rewriting gives the recursively relation that
The fluctuation intensity sample gives the central moments with µ 1 = 0. Drop all terms in which µ 1 appears, the first six order cumulants in form of moment are listed below: 
